
NOTATION 

An, 
C 
e 
g 
i 
J 
k 

m 

Bn, E,  F,  T = constants as defined by Equation (24) 
= constant as defined by Equation (1), cm. 
= Napierian logarithm base, dimensionless 
= acceleration due to gravity, cmJsec.2 

= Jacobian as defined by Equation (31) 
= power law model parameter, (dyne) ( sec.n) /sq. 

= variable as defined by Equation (48), dimension- 

=&i 

cm. 

less 
n 
P = pressure, dynes/sq.cm. 
Pm(Z) = Legendre's polynomials of the first kind 
Q = flux, flow rate, cc./sec. 
R = inner radius of fall tube, cm. 
S = constant as defined by Equation (37)  
u = fluid velocity, cm./sec. 
vo = terminal velocity of falling cylinder, cm./sec. 
<v,> = average fluid velocity, cm./sec. 
x, y, z = space coordinates, cm. 
Z 

= power law model parameter, dimensionless 

= variable as defined by Equation (47), dimension- 
less 

Greek Letters 
a, j3 = dimensionless radii of inner and outer surfaces of 

the falling cylinder viscometer (eccentric case) 
(AP/L) = pressure gradient, dynes/cc. 
s = eccentricity, cm. 
K 

tube, dimensionless 
p 
.$, 7 = bipolar coordinates 

= ratio of cylinder radius to inner radius of fall 

= Newtonian viscosity, g./ (cm.) (sec.) 

p = fluid density, g./cc. 
po = cylinder density, g./cc. 
T~ 

<rW> = average shear stress at the wall, dynes/sq.cm. 
4 
P= 

P,' 

= shear stress at the wall, dynes/sq.cm. 

= eccentricity ratio, as defined by Equation ( lo ) ,  
= terminal velocity ratio in falling cylinder viscome- 

= terminal velocity ratio in annulus, dimensionless 

dimensionless 

ter, dimensionless 
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Effect of Pressure Gradient on 

Sonic- Point H eat Transfer 
ELIYAHU TALMOR 

Rocketdyne, Canoga Park, California 

An analytical investigation of gas side heat transfer in high contraction, high convergence 
flows i s  presented. A partial criterion for retransition of a turbulent boundary layer is de- 
rived from the integral momentum equation and the effect of pressure gradient in the turbulent 
boundary-layer f low regime is described wi th  the help of external flow relations. The validity 
of the analytical results is demonstrated by comparison to available internal and external 
flow, throat heat transfer data. 

Accordingly, various turbulent boundary-layer heat transfer levels are obtained depending 
on the sonic-point pressure gradient, the specific heat ratio, the reference-to-stagnation tem- 
perature ratio, and the exponent o f  the viscosity-temperature function. Furthermore, the pres- 
sure gradient and the superficial moss velocity have opposite effects on the onset of retransi- 
tian of a turbulent boundary layer. 

In recent years there has been a considerable interest 
in compact combustors. Short combustion lengths offer 
substantial improvements in weight and cost. However, 
successful operation of such combustors requires knowl- 
edge of the heat transfer characteristics associated with 
the design aspects involved. 

Compact combustors require relatively high flow-area 
contraction ratios, high convergence angles, and high wall 

curvatures at the throat, that is, the throat region is sub- 
jected to relatively high pressure gradients. 

The effect of pressure gradient on heat transfer is com- 
plicated and diversified. In some range of Reynolds num- 
bers and/or Mach numbers, increasing the pressure gradi- 
ent tends to suppress the heat transfer level through the 
well observed phenomenon of reverse transition (1 to S ) ,  
while at the higher range of Reynolds numbers and/or 
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Mach numbers an increase in pressure gradient raises the 
corresponding turbulent boundary-layer heat transfer level 
(7 ,  8). Thus the study of heat transfer characteristics 
under these circumstances involves a11 three boundary- 
layer flow regimes: laminar, transitional, and turbulent. 

Occasionally the requirement of deep throttling entails 
multiflow regime heat transfer regardless of the pressure 
gradient involved. In this case the boundary-layer transi- 
tion is of the forward type governed by such factors as 
free-stream turbulence and wall roughness. 

To elucidate the heat transfer characteristics involved, 
analytical efforts were undertaken to determine throat heat 
transfer as affected by the rate of acceleration (pressure 
gradient). The integral momentum equation is used to 
derive a partial criterion for retransition of a turbulent 
boundary layer, and the effect of pressure gradient on heat 
transfer in the turbulent boundary-layer flow regime is 
analyzed by analogy to external flow situations. Available 
internal and external flow, throat heat transfer data are 
accordingly recorrelated. 

As will be shown, the results confirm the retransition 
criterion and extend the applicability of an external flow, 
high-pressure-gradient turbulent heat transfer relation ( 7 
to 9)  to internal flow, rectangular throat situations. 

GENERAL CONSIDERATIONS 

Forced convection normally controls the throat heat 
transfer mode in high-temperature combustors. Available 
relations for estimating convective heat transfer vary from 
simplified pipe flow forms (10, 11) to complex boundary- 
layer solutions (12, 13) .  However, the simplest and the 
most complex equations often yield close agreement par- 
ticularly in the throat region (14).  Even when in disagree- 
ment, the various heat transfer relations for a given bound- 
ary-layer flow regime are not necessarily contradictory. 
They yield various possible heat transfer levels for the 
given boundary-layer flow regime (15), with each level 
corresponding to a certain free-stream turbulence inten- 
sity, pressure gradient, wall roughness, or a combination 
thereof. In the treatment to follow simplified forms are 
employed to designate the various possible heat transfer 
levels for each boundary-layer flow regime considered. 
This is done for convenience only and should not be con- 
strued as a recommendation for the ultimate use of simpli- 
fied heat transfer relations rather than boundary-layer 
solutions. Furthermore, whenever a more complex bound- 
ary-layer solution is involved, its transformation to a 
comparable simplified form will be attempted. 

The major uncertainty involved in the prediction of 
throat heat transfer coefficients in high-temperature com- 
bustors is the choice of a reference temperature for evalu- 
ating the gas transport properties. The use of a film tem- 
perature (arithmetic average of the gas static temperature 
and the wall temperature) is still generally used despite 
the improved results reported by use of the static tem- 
perature (14), the stagnation temperature (16), or the 
arithmetic average of the adiabatic wall temperature and 
the actual wall temperature (7,  8, 17) .  The use of a film 
temperature based on the static gas temperature and the 
wall temperature will be adhered to herein, again for 
convenience so as to allow direct comparison to commonly 
used heat transfer relations (where such a reference tem- 
perature is employed). 

While the choice of reference temperature pertains to 
simplified as well as complex boundary-layer solutions, the 
latter are also subjected to the uncertainty as to the start- 
ing point for a boundary-layer analysis. The injector face is 
certainly not the point at which a wall boundary-layer 
starts to develop, since a finite chamber length is required 
to complete combustion and the further downstream the 

boundary layer is assumed to start (shorter development 
lengths), the higher is the computed throat heat transfer 
coefficient, particular1 when relatively short combustion 
chambers are involve$ 

In some respects the features of a high-convergence 
throat simplify throat boundary-layer analysis. A small 
radius of wall curvature in combination with high con- 
traction and high degree of convergence results in a strik- 
ing analogy to external flow throats. For example, a high 
contraction, high convergence, rectangular throat can be 
considered as an evolution of the case of flow between 
two throat tubes (8, 9) .  Furthermore, the effect of chang- 
ing the degree of convergence in the two-dimensional in-. 
ternal flow throat is analogous to the effect of changing 
the throat body shape in external flow situations ( 7 ) .  
Therefore, with minor modifications, boundary-layer equa- 
tions or correlations developed for the external flow throat 
bodies (8, 9 )  should be applicable to the corresponding 
internal flow throats. This analogy will be proven useful in 
all boundary-layer flow regimes: laminar, transitional, and 
turbulent. 

LAMINAR FLOW REGIME 

A laminar boundary layer is seldom encountered in 
high-density combustors. In most applications the turbu- 
lent boundary layer and, more recently, the transitional 
boundary layer are of primary concern. However, deter- 
mination of proper laminar heat transfer levels is essential 
for defining transitional flow regimes (9),  even when a 
laminar boundary layer is not actually encountered. 

An experimental investigation of laminar heat transfer 
in the throat region of an arc heated, low density wind 
tunnel was conducted by Carden (18). Experimental 
values obtained with nitrogen at stagnation temperatures 
of 5,200" to 6,500"R. and stagnation pressures of 0.9 to 
1.5 atm. were compared with laminar predictions of sev- 
eral analytical procedures resulting in good agreement 
with the method of Cohen and Reshotko (19, 20). 

Laminar heat transfer coefficients at higher densities 
are reported b Brinsmade and Desmon (15)  for the 

at stagnation pressures between 158 and 298 lb./sq.in.abs. 
They correlated their data by a Pohlhausen type of equa- 
tion which takes the form 

throat region o r a solid propellant rocket motor operating 

where the gas density, viscosity, and thermal conductivity 
are all evaluated at the film temperature (average of the 
static gas temperature and the gas side wall temperature). 
The laminar heat transfer level described by Equation (1) 
is often higher than might be predicted by the more com- 
plex boundary-layer solutions (12, 19, 20) when applied 
to axisymmetric combustors at throttled conditions. How- 
ever, Equation (1 )  was found to underestimate the lam- 
inar throat heat transfer levels of immersed throat bodies 
(8, 16) and throttled throats operating at pressure gradi- 
ents approaching those encountered with external flow 
throat bodies (7 ,  8, 16).  

Laminar throat heat transfer levels at extreme pressure 
gradients were derived from experimental pressure distri- 
butions around immersed throat tubes (8, 16) .  While a 
laminar boundary layer was not actually encountered at 
the sonic point on the immersed tubes, the laminar heat 
transfer levels developed therein (8, 16) were success- 
fully used (9) in determining the transitional flow regime 
and the corresponding combustion induced, free-stream 
turbulence intensity for the propellant combination of 
N204/50% N&-50% UDMH. The basic relation de- 
scribing laminar heat transfer around throat tubes is given 
(16) as 
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A’- 

= 3.75 1 - - ) - - ,  

where 
v -  1 .,-, 

Equation (2) allows calculation of local heat transfer val- 
ues from experimental angular pressure distribution data 
(8, 16). For the sonic point on small (8) and large (16) 
diameter throat tubes placed at area contraction ratios of 
4 and 3, respectively, Equation (2) yields ( y  = 1.2; m 
= 0.6) 

Equation (3) can be made applicable to internal flow 
throats if expressed in terms of an internal flow dimension 
rather than the external flow dimension of throat tube 
O.D. By using the equivalent diameter of the gap be- 
tween throat tubes (four times the ratio of wetted area to 
wetted perimeter) and by evaluating properties at the 
film temperature, Equation (3) leads to separate relations 
for each one of the two geometries involved (8, 16).  For 
the 1.25 in. O.D. throat tube placed at an area contraction 
ratio of 3 (16) ,  we have 

(NNU)~/(NP~)’’~ = 0.526 ( N R e ) r ’ ”  (4)  
and for a 0.375 in. O.D. throat tube placed at an area con- 
traction ratio of 4 (8) 

(NNu)r/(NPr)1’3 = 0*614(N~e)r’ /~ (5) 
Equations (4)  and (5)  represent two laminar rectangular 
throat heat transfer levels, each corresponding to a differ- 
ent gas-side pressure gradient. The sonic-point pressure 
gradient --d(pe/p,)/dx is 1.18 in.-’ for Equation (4)  and 
4.10 in.-l for Equation (5). 

Another calculation procedure for high favorable pres- 
sure gradients is given by Reshotko (20) with properties 
evaluated at the wall temperature. Applying Reshotko’s 
procedure to the pressure distribution around the 1.25 in. 
O.D. throat tube placed at an area contraction ratio of 3 
(16) and expressing the results in terms of the equivalent 
diameter of the rectangular throat with properties evalu- 
ated at the film temperature, we obtain 

(NNU)~/ (NP+)”~ = 0*475(N~e),‘’~ (6)  
The heat transfer coefficients predicted by Equation (6)  
are 16% lower than those predicted by Equation (4 ) ,  
even though both equations were derived on the basis of 
the same experimental pressure distribution (16). 

TRANSITIONAL FLOW REGIME 

Two types of boundary-layer transition may be encoun- 
tered at the sonic region of high-temperature combustors: 
forward and reverse. In the forward case, the boundary 
layer is transitional at the sonic point while tending to be 
laminar upstream towards the injector face and turbulent 
downstream towards the nozzle exit. In the reverse case, 
the boundary layer is transitional at the sonic point (where 
the pressure gradient is maximum) while tending to be 
turbulent upstream and downstream of this point where 

200 I I I I  I I I I J  
2X IOO 4 6 8 IXIOS 2 4 6 0 lxlo7 

Fig. 1. Transitional and turbulent boundary-layer heat transfer at  
the sonic points of rectangular and axisymmetric throats with the 
propellant combinations of Nz04/500/i,NzH4--50% UDMH (7, 8, 76) 

and Nz04/NzH4 (22). 

THROAT REYNOLDS NUMBER, ( N R ~ ) ,  

lower pressure gradients exist. The boundary-layer flow 
regimes thus encountered startin at the convergence sec- 

Seldom (6, 21) does the retransition process involve a 
laminar boundary layer. 

Forward transition at the sonic region of high-tempera- 
ture combustors has been observed with external (8, 9, 
16) and internal (22)  flow throat configurations. The 
main factors affecting such transition are the combustion 
induced free-stream turbulence, the pressure gradient, and 
the degree of wall cooling ( T , / T o ) .  While suitable theo- 
ries of boundary-layer transition are available (23, 2 4 ) ,  
their application is limited mainly because the free-stream 
turbulence intensity associated with the combustion proc- 
esses of the various propellant combinations is not known. 

Recently ( 9 ) ,  successful determination of combustion 
induced, free-stream turbulence intensities was accom- 
plished by using transitional immersed cylinder heat trans- 
fer measurements (8, 16) in conjunction with the theory 
of boundary-layer transition of van Driest and Blummer 
( 2 3 ) .  Accordingly ( 9 ) ,  the combustion induced turbu- 
lence intensity of the nitrogen tetroxide-50 % unsymmetri- 
cal dimethyl hydrazine/50 % hydrazine propellant com- 
bination is at least 15 to 20% depending on distance along 
the convergence section of the combustion chamber. 

The immersed throat tube heat transfer data (8, 16) 
and their associated 20 and 15 % turbulence-intensity 
transition lines (9) are presented in Figure 1, where the 
Nusselt and Reynolds numbers are expressed in terms of 
the equivalent diameter of the rectangular gaps between 
throat tubes or between a throat tube and its confining 
chamber walls. Similarly, noncircular throat body heat 
transfer results (7) and sonic-point heat transfer mea- 
surements in a circular combustor (22)  are also presented. 
In all cases the data represent peak heat transfer values as 
reported for the sonic point upstream of the geometric 
throat. The corresponding throat configurations are sche- 
matically illustrated in Figure 2. 

The heat transfer data of Figure 1 cover a wide range 
of chamber lengths and area contraction ratios. The non- 
circular and circular throat body heat transfer measure- 

tion of the combustor are turbu k ent-transitional-turbulent. 
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I 

(a) 3/8 IN. NONtlRCULAR [ T )  AND CIRCULAR (8) THROAT-BODIES AT AN 
AREA CONTRACTION RATIO OF 4 .  

( 0 )  1.25 IN. OD THROAT-TUBE AT AN AREA CONTRACTION RATIO OF 3 (16). 
1.768-3.900 IN. RAD. 

4 2.880-3.66 IN. 

t 
0 .884-1 .950  IN. RAD. 

1.42-3.90 IN. 

(c) AXI-SYMMETRIC TANGENT-ARCS THROAT AT AREA CONTRACTION RATIOS 
OF 1.64 TO 8 (223. 

Fig. 2. External a n d  internal flow throat configurations with the 
propellant combinations of Nz04/50%NzH4-50% UDMH (7, 8, 16) 

and N z 0 4 / N z H 4  (22). 

ments (7, 8, 16)  were taken at area contraction ratios of 
4 and 3 and chamber lengths of 6 and 23 in. No specific 
convergence angle can be associated with these data since 
the convergence of an arc is variable, dropping from 90 
deg. at the stagnation point to essentially zero at the 
sonic point. 

The data of Witte and Harper (22) were obtained at 
area contraction ratios in the range of 1.64 to 8 and 
chamber lengths of 8 to 12 in. The propellant combina- 
tion in this case was N204/N2H4, similar to the N204/50% 
NzH4-50% UDMH propellant combination used with the 
immersed throat body configuration. Therefore, the com- 
bustion induced turbulence intensity should be compar- 
able for all data given in Figure 1, and if the pressure 
gradients are also camparable, a common transitional 
Reynolds number range should be obtained. In accordance 
with Figure 1, this is really the case; that is, the transi- 
tional throat heat transfer data obtained with the propel- 
lant combination of N204/NzH4 (22)  follow the 20 and 
15% turbulence intensity lines derived (9) on the basis 
of throat tube heat transfer measurements (8, 16)  with 
the propellant combination of N204/50 % N2H4-50 "/o 
UDMH. Furthermore, mutual agreement among the vari- 
ous sets of data (8, 16, 22) also exists in the turbulent 
boundary-layer flow regime. 

The free-stream turbulence intensity does not always 
govern boundary-layer transition. In some cases it is either 
not present ( 6 ) ,  or it is counteracted by a highly negative 
pressure gradient and/or wall cooling (21). In fact, an 
overriding effect of these parameters may lead to the 
phenomenon of reverse transition. 

Generally, the factors which tend to stabilize a laminar 
boundary layer also promote retransition, that is, high 
favorable (negative) pressure gradients, low Reynolds 
numbers, and increased wall cooling. This is well re- 

flected by the heated air experiments of Back et al. (6) 
and the ambient wind tunnel experiments of OBrien (21). 
Both investigations were conducted at comparable throat 
pressure gradients, for example, --d(p,/p,) /dx of 0.709 
and 0.608 in.-l, respectively. 

Back et al. (6) measured convective heat transfer rates 
in a convergent-divergent circular nozzle operating at 
stagnation pressures of 30 to 250 lb./sq.in.abs., stagnation 
temperatures of 1,030' to 2,00OoR., and wall-to-stagnation 
temperature ratios of 0.35 to 0.80. Their results showed 
that at the lower stagnation pressures the boundary layer 
underwent transition from a turbulent profile at the nozzle 
entrance to a laminar profile at the sonic point; that is, an 
increase in pressure gradient promotes retransition. 

OBrien (21) reports local heat transfer coefficients for 
two rectangular throat configurations resembling flow be- 
tween a cylinder and a flat wall (16). With a given pres- 
sure gradient and a free-stream Reynolds number, retransi- 
tion of the throat boundary layer was accomplished by 
increased wall cooling, for example, by systematically de- 
creasing the wall-to-stagnation temperature ratio in the 
range of 0.90 to 0.50. The results of the laminarization at- 
tempts of O'Brien (21)  are graphically presented in Fig- 
ure 3 along with the heated air results of Back et al. (6). 
As shown, complete retransition to a laminar boundary 
layer occurred at Reynolds numbers between 500,000 and 
800,000. At the other two Reynolds number ranges at 
which laminarization was attempted, the retransition of 
the boundary layer was not complete. 

I t  is of interest to note that the throat-wall cooling effect 
in O'Brien's experiments apparent1 counteracted free- 

trance to the convergence section. However, indications 
are that the effect of wall cooling on laminarization re- 
verses itself at a wall-to-stagnation temperature ratio of 
approximately 0.3, particularly at the higher Mach num- 
bers (21, 25). 

High-temperature combustors generally operate at a 
wall-to-stagnation temperature ratio of approximately 0.3 
with no freedom of variation of this parameter. Therefore, 
retransition of throat boundary layers can only be accom- 
plished by increasing the throat pressure gradient (vary- 
ing the throat configuration) provided that the Reynolds 
number is sufficiently low. 

The suppression of heat transfer rates by flow accelera- 
tion, while well observed, is not fully understood. Perti- 
nent water table observations by Schraub ( 4 )  indicate 
that flow acceleration reduces the frequency at which tur- 
bulence eddies leave the wall. The turbulence bursts fre- 
quency was related to a dimensionless acceleration param- 
eter K = (u/u,Z) (du, /dx) ,  and it was observed ( 4 )  that 
the turbulence bursts from the wall disappeared at K 1 
3.5 x 10-6. 

Moretti and Kays (26)  report an experimental investi- 
gation of heat transfer to a turbulent boundary layer at 
various rates of free-stream acceleration (0 < K <4 x 
lop6) .  An empirical correlation of the depression of heat 
transfer with flow acceleration is presented. At K > 3.3 
x lop6, the heat transfer level was close to that predicted 
for a laminar boundary layer assumed to originate at the 
entrance to the acceleration zone. This seems to be con- 
sistent with the visual observation of Schraub ( 4 ) .  

stream turbulence intensities as hig i: as 30% at the en- 

RETRANSITION CRITERION 

A criterion for retransition of a turbulent boundary layer 
can be derived from the integral momentum equation. In 
terms of a modified Stewartson coordinate system (27) ,  
the integral momentum equation for a compressible tur- 
bulent boundary layer on an infinite wall can be written 
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as follows: > 2.48 x (8a) 

Rewriting the flow acceleration parameter in terms of the 
local pressure gradient, Reynolds number, and Mach 
number, one obtains 

- 

(7)  
72 (28 + 8*) = - dZ 1 dU, -+-- 

dX U ,  dX P O  ue2 
where 

When one assumes a one-seventh power velocity profile in 
the boundary layer, S*/,g = 1.286 and the shear stress is 
Fz/poUe2 = 0.0128 (vo /Ue 8 )  y4. Substituting in Equation 
(7)  and multiplying and dividing the second term on 
the left side by Ue/vo, one gets 

d8 vo dUe 0.0128 - f 3.286 ( N R ~ ) ~  - - = ax ue2 d X  (NRe)e  y4 

On the basis of the contention that the factors affect- 
ing forward transition also affect reverse transition (21 ), 
it is reasonable to assume that the onset of retransition 
will occur when ( N R ~ )  is reduced (by flow accelera- 
tion) to the same critical value of 360 suggested (28) 
for transition in the forward direction. Substituting 
( N R ~ )  = 360 and solving for d F/dX one gets 

d 3  yo due - = 0.00294 - 1,183 - - 
dX Ue2 dX 

However, for ( N R , )  8 to fall below the critical value, 
( d  B/dX) must be negative. Thus 

1,183 ( ) dU, > 0.00294 
Uez dX 

0s 

(+ ) > 2.48 x 

which is in good agreement with the results of Launder 
( 5 )  and Moretti and Kays (26 ) .  

Transformation to conventional coordinates results in 

4 + 2 N i ~ ~ a ( y -  1) 
4 f 3 N M a ( y -  1) 

d U e = c [  

u,2 = -ue2 
T o  
T e  

so that the criterion for retransition becomes 

4 + 2NMa(Y- 1) c 4 + 3N, , ( - / -  1) 

In accordance with Schraub ( 4 ) ,  the pressure gradient 
decreases the turbulence production at the wall. However, 
the turbulence at a given point in the boundary layer is 
generated at various points upstream, so that a heat trans- 
fer depression may be encountered downstream of the 
region of high flow acceleration ( 2 6 ) .  It is therefore not 
clear at what point in a convergence section should a 
retransition criterion be applied to check the possibility 
of reverse transition at the sonic point. Kays (28) sug- 
gests 200 momentum thicknesses upstream the point of 
interest. 

Equation (9) indicates that at a given Mach number, 
the pressure gradient and the superficial mass velocity 
have opposite effects on the onset of retransition. A mild 
offsetting effect of wall cooling is reflected by Equation 
(9), since for a given stagnation temperature the Reynolds 
number based on film properties tends to increase with 
wall cooling (Figure 3) .  However, the offsetting effect 
of free-stream turbulence intensity is absent in the re- 
transition criterion so that its application to high-tempera- 
ture combustors is somewhat limited. Furthermore, the 
retransition criterion defined by Equation ( 9), while 
written in terms of the equivalent diameter, is not ap- 
plicable for an axisymmetric nozzle. In this respect ap- 
plication to rectangular throats of high-temperature com- 
bustors should be valid provided that the actual local 
pressure gradient and the combustion induced, free-stream 
turbulence intensity (if any) are both known. 

TURBULENT FLOW REGIME 

The earliest form of a fully turbulent heat transfer re- 
lation is that of Colburn (1) for moderate temperature 
differences: 

( N N U ) ~ / ( N P ~ ) ’ . ~  = 0.023 (NRe)ro” (10) 

Bartz (11) extended the application of Equation (1) to 
high-temperature combustors by introducing gas trans- 
port properties at the film temperature (average of the 
gas static and wall temperatures) and changing Colburn’s 
constant from 0.023 to 0.026; that is 

(NNU)~/(NPT)”~ = 0.026 (NRe)TO” (11) 

Equation (11) has found wide application because of its 
simplicity and its frequent good agreement with experi- 
mental data and the more complicated boundary-layer 
solutions (12, 1 3 ) ,  particularly at the sonic point of high- 
temperature combustors ( 1 4 ) .  

Kutateladze and Leontev (29) apply a theory of the 
limiting law of heat transfer to correct Colburn’s equation 
to the form 

where the properties in ( N N ~ ) ~ ,  Npr  and ( N R ~ ) ~  are 
evaluated at the mixing-cup temperature of the stream 
(stagnation temperature). The introduction of the cos- 
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rection factor (2," ( T w / T e )  + 1]}2 helped correlate 
convective heat transfer results in the critical region for 
water, carbon dioxide, and oxygen. For typical high- 
temperature combustion applications (for example, 
Tw/Te - 0.3), Equations ( l l a )  and (11) yield identical 
results. 

A pertinent investigation of gas side heat transfer in 
a liquid oxygen/gaseous hydrogen combustor is reported 
by Schacht et al. (30). The nozzle used had a 5-in. diam- 
eter throat, area contraction ratio of 4.64 and a con- 
vergence angle of 30 deg. A dish shaped coaxial injector 
was employed with the throat placed 14.5 in. from the 
injector face. Transient temperature measurements at five 
axial locations were reduced to local heat transfer co- 
efficients, and the latter were empirically correlated in a 
form similar to Equation (11). 

The results showed that one constant in the form of 
Equation (11) could not correlate the data for all axial 
locations over the Reynolds number range investigated 
(corresponding to a chamber pressure range of 150 to 
1,000 Ib./sq.in.abs.) . The values of the constant (with 
N p r  taken to the power of 0.3 rather than 0.4) varied 
from a high of 0.026 to a low of 0.015 at the geometric 
throat. However, inspection of the reported heat transfer 
profiles (30) reveals peak values upstream of the geo- 
metric throat at an area contraction ratio of approximately 
1.5. At this point the constant of the equation is 0.020; 
that is 

Adjusting to a Prandtl number to a power of 0.4, one 
gets 

The throat pressure gradient associated with Equation 
(13) was not measured (30). However, as shown in 
Figure 3, Equation (13) fits the heated air heat transfer 
data of Back et al. (6) obtained in a similar throat op- 
erating at a throat pressure gradient - d ( p e / p o ) / d x  of 
0.709 in.-' and an apparently negligible free-stream tur- 
bulence intensity (though not measured). Conceivably, 
a moderate combustion induced, free-stream turbulence in- 
tensity in the case of Schacht et al. (30) could decay 
towards the sonic point with the relatively long combus- 
tion chamber employed. 

( N N Z L ) ~ / ( N P T ) ~ . ~  = 0.020 ( N R e ) r O "  (12) 

( N N U ) T / ( N P ~ ) ~ ' ~  = 0.021 ( N R e ) r 0 ' 8  (13) 

Effect of Pressure Gradient 

Turbulent boundary-layer heat transfer rates at  high- 
pressure gradients were encountered at the sonic points on 
immersed noncircular and circular throat bodies (7, 8, 
16). Corresponding heat transfer levels were derived 
from experimental pressure distribution around immersed 
throat tubes (8, I S ) ,  and the resulting relations were 
successfully used for correlating actual throat heat trans- 
fer data and predicting the effect of pressure gradient on 
throat heat transfer in the turbulent boundary-layer flow 
regime (7). 

The basic relation describing turbulent heat transfer 
around throat tubes is given (16) as 

2 0.20 

= 0.09272 [T;=r ] 
(14) 

where z is a local pressure-ratio function defined in con- 
junction with Equation (2). 

d A  

Equation (14) is a solution of the integral momentum 
equation for an infinite cylinder [Equation (7) ]  with 
Colburn's analogy and a one seventh-power law velocity 
profile assumed. It  allows calculation of local heat transfer 
coefficients from experimental pressure distribution data 
(8, 16). To make it applicable to internal flow configura- 
tions, the pressure gradient term has to be expressed in 
terms of a linear distance from stagnation (or distance 
from the start of convergence) and the external flow 
dimension D has to be replaced with an internal flow 
dimension such as the equivalent diameter of the gap 
between the throat tubes (8) or between a throat tube 
and its confining chamber wall (16). With the further 
manipulation of expressing all transport properties at the 
reference temperature and rearranging variables, one 
obtains 

("U)? - - 
( N P r ) ' 1 3  (NRe)r0.*' 

At the sonic point, the critical pressure ratio is given as 

( p e / p o )  = [W(Y + l)17'c7-1) (16) 

Substitution in Equation (15) yields 

- - ( N N u )  ). 
( N p r )  ' I3  ( N R e )  r0.'O 

V 

0.03594 [ (G )" ($ ) r'20 
Equation (17) permits evaluation of sonic-point heat 
transfer coefficients provided that the local pressure gradi- 
ent is known for the gas stream in question. For example, 
for a 0.375 in. O.D. throat tube placed at an area con- 
traction ratio of 4,  where dh = 0.222 in. and - d ( p e / p o ) / d x  
= 4.10 in.-' ( 8 ) ,  a value of 0.0312 is obtained for the 
right-hand side of Equation (17).  Similarly, a value of 
0.0289 is obtained for a 1.25 in. O.D. throat tube placed 
at an area contraction ratio of 3, where dh = 0.560 in. 
and - d ( p e / p o )  d x  = 1.18 in.-' (16). From an average 
of the two results, a value of 0.0300 is obtained, while 
the combined actual throat heat transfer data of both 
investigations (8, 16) yield a value of 0.0313 for the 
right-hand side of Equation (17) ; that is 

Thus, Equation (17) underpredicts the constant on the 
right-hand side of Equation (18) by 4.5%. For com- 
parison, the curved plate, turbulent boundary-layer heat 
transfer relation of Meyer (12) overpredicts this constant 
by 18%. 

Equation (18) is superimposed on the rectangular and 
circular throat heat transfer results presented in Figure 
1 (7 = 1.2, N p r  = 0.83). While expectedly supported by 
the rectangular throat heat transfer data (8, 16) from 
which it was derived, Equation (18) also fits the turbulent 
boundary-layer heat transfer data of Witte and Harper 
(22) obtained at the sonic point of an axisymmetric 
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- 1.0001 -. , , I I I I I I I I  nozzle using a similar propellant combination. 

tion (18), we obtain 
Adjusting the constant in Equation (17) to yield Equa- 

Y 

0.0375 [ ($)- ($)]0"0 

NMa = 1 

Equation (19) is in proper form for application to any 
rectangular throat configurations where the sonic-point 
pressure gradient is known. For example, for the short 
radius nozzle of O'Brien (21), where y = 1.4, dh = 
0.546 in., and -d(pe/po)/dx = 0.61 in.-l, Equation 
(19) predicts 

for a wall-to-stagnation temperature ratio of 0.9. As shown 
in Figure 3, Equation (20) fits the data of OBrien ( 2 1 )  
at the onset of his laminarization paths. 

Equation ( 19) yields various turbulent boundary-layer 
heat transfer levels (various values for the right side of 
the equation) depending on the sonic-point pressure gradi- 
ent, the specific heat ratio, the reference-to-stagnation 
temperature ratio, and the exponent of the viscosity-tem- 
perature function. In fact, the turbulent heat transfer levels 
of Colburn ( l o ) ,  Equation (10); Bartz (11), Equation 
(11); and Schacht et al. (30), Equation (13) are special 
cases of Equation (19) for smooth wall, rectangular throat 
applications. 

For a given gas stream and throat size, Equation (19) 
shows that the associated turbulent boundary-layer heat 

TMROAT CONFlGURATlON 

I 

Fig. 3. Reverse transition at the sonic points of axisymmetric and 
rectangular throats operating with heated (6) and ambient (211 air 

streams, respectively; 0.35 < ( T d T , )  < 0.90. 
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Fig. 4. Suppression of turbulent boundary-layer heat transfer rates 
by reduction of sonic-point pressure gradients in external flow 

throat configurations (7). 

transfer levels can be de ressed by the reduction of the 
sonic-point pressure graient. An experimental proof to 
this effect is provided by comparison of measured heat 
transfer rates to noncircular and circular throat bodies 
(7)  having a %-in. dimension in a cross flow of the same 
gas stream (Figure 2a).  For both cases the dimensionless 
pressure gradient -d ( p , / p , )  / d  ( x / L )  was identical so 
that the increased body length L (distance between the 
stagnation and sonic points) associated with the noncir- 
cular shape (7) resulted in reduction of the sonic-point 
pressure gradient -d ( p e / p , )  /dx from a value of 4.10 
in.-l for the % in. circular throat body to a value of 1.95 
in.-' for the % in. noncircular throat body (Figure 4a) .  
In accordance with Equation (19), such a reduction in 
the throat pressure gradient should result in a 16% re- 
duction of the sonic-point heat transfer coefficient; that is, 
the constant on the right-hand side of Equation (18) 
should decrease from a value of 0.0313 for the circular 
throat body to a value of 0.0270 for the noncircular throat 
body. This is supported by actual heat transfer measure- 
ments (7) as graphically presented in Figure 4b. 

Changing to noncircular throat body shape in external 
flow configurations is analogous to decreasing the con- 
vergence angle in internal flow configurations. In both 
cases the len of the convergence section is thereby in- 

is decreased; that is, the tangency point between the con- 
verging ramp and the throat region wall curvature moves 
closer to the geometric throat as the convergence angle is 
decreased. 

On this basis, the smaller the radius of wall curvature at 
the throat the more sensitive is the throat pressure gradi- 
ent to variation in conver ence angle. However, the effect 

versified. Its decrease at the higher Reynolds number 
range results in reduced heat transfer rates, while at the 
lower Reynolds number range reduced pressure gradients 
might increase heat transfer rates through the promotion 
of a turbulent boundary layer where a transitional bound- 

creased and t $" e effect of wall curvature at the sonic point 

of pressure gradient on tf roat heat transfer is rather di- 
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Subscripts 

D 
E 

o 
r 
x = x direction 
w = wall 
B based on 
rn = approach (velocity) to an immersed cylinder; 

based on immersed cylinder O.D. 

boundary layer 
= local conditions along the outer edge of the 

= properties (k, JL, and p )  at stagnation conditions 
= properties (k, p, and p )  at reference temperature 

- 

start of convergence 

ary layer is otherwise encountered. This is further reflected 
by the results of heat transfer experiments with the pro- 
pellant combination of liquid oxygen/gaseous hydrogen 
(31 ). 

CONCLUSIONS 

The pressure gradient and the superficial mass velocity 
have opposite effects on the onset of retransition of a tur- 
bulent boundary layer. A mild offsetting effect of wall 
cooling is also revealed by the retransition criterion de- 
rived from the integral momentum equation and confirmed 
by available experimental results (5, 26). However, the 
free-stream turbulence intensity is absent in the retransi- 
tion criterion so that its application is somewhat limited. 

The heat transfer behavior of high contraction, high 
convergence throats can be analyzed by analogy to ex- 
ternal flow throat configurations. For example, an external 
flow turbulent boundary-layer heat transfer relation ( 7  
to 9) was found applicable for describing the effect of 
pressure gradient on sonic-point heat transfer in internal 
flow, rectangular throat situations. Accordingly, various 
values for the ratio ( N N ~ )  J ( N p r )  ( N R e )  To.*O are ob- 
tained depending on the sonic-point pressure gradient, the 
equivalent diameter, the specific heat ratio, the reference- 
to-stagnation temperature ratio, and the exponent of the 
viscosity-temperature function. 

NOTATION 

D 
dh 

g ,  
K = acceleration parameter 
k = thermal conductivity 
m = gas viscosity-temperature exponent ( p  - Tm)  
N M a  = Mach number 

= Nusselt number 
N p r  = Prandtl number 
N R e  = Reynolds number 

= outside diameter of an immersed cylinder 
= equivalent diameter, four times the ratio of wet- 

ted area to wetted perimeter 
= conversion factor in Newton’s law of motion, 

equals 32.2 (ft.) (Ib. mass)/(secS2) (Ib. force) 

P 
T 
U 

u 
X 

X 
Y 

z 

= pressure 
= absolute temperature 
= transformed velocity defined in conjunction with 

= velocity in the x direction 
= transformed coordinate defined in conjunction 

= distance along the converging wall 
= transformed coordinate normal to the wall, de- 

= pressure function defined in conjunction with 

Equation (7 )  

with Equation (7) 

fined in conjunction with Equation (7) 

Equation ( 2 ) .  

Greek Letters 
y = specific heat ratio 
8 

6’ 

8 

h 

p = gas viscosity 
Y = kinematic viscosity 
p = density 
7 

= velocity boundary-layer thickness in transformed 

= integral thickness parameter defined in conjunc- 

= integral thickness parameter defined in conjunc- 

= angle, degrees from the forward stagnation point 

coordinate system [Equation (7) ] 

tion with Equation (7) 

tion with Equation (7) 

of an immersed cylinder 

- = transformed shear stress defined in conjunction 
with Equation (7) 
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